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Motivation

Challenges with singularities:

Multi-link robots
Singularities may result in the loss or gain of one or more
DoFs, potentially leading to a loss of control over the system.

Actuator constraints @) 2(g) 2

Limited actuation in real systems

DoF serial manipulator

Model mismatch
Inaccuracies in the dynamic model compared to the
physical system

Contribution:

Control barrier function-based Singularity-Avoidance
Control

Explicitly design methods subject to actuator constraints
and model mismatch

5- DoF hybrid manipulator
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Control Barrier Functions - Basics

Nonlinear affine system: x = f(x) + g(x)u

Safe set (constraintset) C: = {x € R™: h(x) = 0}

h(x): barrier function

Forward invariance
If the system startsin C,x(0) ECandx(t)ECVt =0

CBF condition

sup[Lh(x) + Lgh(x)u + a(h(x))] =0
u€eu l

Natural dynamics Safety margin: a(h(x))
is an extended class K
function

Control effect

Find a control input u that satisfies the CBF condition!

Safe Set ©
h(x) =0

CBF pushes
back to safety

h(x)=0
(boundary)

h(x) <0
(unsafe)
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Problem Formulation

Robotic system dynamics

q=v
v=M(q) (u—C(qv)v—G(q) —d(x))
Intertia matrix Centrifugal Gravity Mismatch
force (unknown)

Assumptions:

. We can model the mismatch using a kernel-
based method with a bound on the RKHS norm.

. The system state g is bounded by hard
constraints, i.e., ¢ € [@max> 9min] @and

Amax= —9min-

Goal: Avoid singularities in the presence of mismatch in the control model, and in the presence of disturbances

Model mismatch d(x) = [d{(x), ..., d(2)]T

angular positions and velocities x = [g, v]”

Properties:

= M(q) is a symmetric, positive definite matrix

" There exist ¢;pgx aNd gmax € Ry such that
C(q,v) < cpallvll and |G(DI < Gimax-
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Constraints and control problem

Singularity: f(q) and g(q) are parallel, arccos(f(q)Tg(g)) = 0

Singularity cone: 2() =1—¢—f(@)79(q) =0
Normal Configuration Singular Configuration Singularity Cone
safe zone
/\ %‘?ﬂ ol
o) o) o

y

Singularity constraint: Z: = {q € R™": z(q) = 0}

Velocity (state) constraints: V;: = {v; € R: b;(v;) = 0, b;(v;) = 0}, Vi € Ny,

where b; = V4, — V; and b; == V; — Upin

Input (actuator) constraints: U: = {u; € R, Vi € Nj;: upqy —

Example:

g(g) 2

fq)

u; = 0,u; — upin = 0}

n(q) = f(q)'g(q) = cos(B)
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Singularity, constraints and control problem

Singularity: f(q) and g(q) are parallel, arccos(f(q)Tg(g)) = 0

Singularity cone: z(@) =1—e—f(q)Tg(q)) =0 Example:
Singularity constraint: Z: = {g € R™: z(q) = 0}

Ao /S ) 8@ 2
Velocity (state) constraints: V;: = {v; € R: b;(v;) = 0,b;(v;) = 0},Vi € N,,, n(q) = £(q)"e(q) = cos(6)

where b; := Vg, — V; @and bj == V; — Upin

Input (actuator) constraints: U: = {u; € R, Vi € N,;: Uy — Ui = 0, U; — Uypipy = 0}

Given the robotic system ¢ = v
v =M(q)(u—C(q,v)v—G6(q) —dx))

Goal: x = [q,v]"
subject to model mismatch d(x) and actuator constraints U,

design a control strategyu € U
such that the singularity constraint Z, and the velocity constraints V; are forward invariant.
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Control Barrier Functions

CBF condition:
sup[Lsh(x) + Lgh(x)u + a(h(x))] = 0
uelu

Relative degree issue:

Condition for forward invariance: z(q) = -a(z(q)
u has no effecton z(q) : z(q) = -(0n/9q)" v

Define h(x) = z(q) + ¥B1(2(q)), and C: = {x € R™: h(x) = 0}

Safety control implementation:
min || U — U 112
ueu

s.t. f}(x) > —56,(h(x))
by(v) = kB3 (bi(v))
b;(v;) = —kpB3(b;(v;))

Goal:
Design parameter y, § and k such that
there always exists a feasible solution
u* = argmin || U — Uy, |I? that satisfies
ueu
all constraints.

aw



Model mismatch prediction using GP

Lemma. Given Assumption 1, and a training dataset D: = {(x;, y;)}}1,, the

n

prediction error of GP is bounded by Il u(x) — d(x) lI< A(x): = Z(Bzz — w; + M)o? .

i=1
(
GP uncertainty (posterior variance)
/\/\/ B;?: Physical magnitude bounds (increasess uncertainty)
w;: Information gain (reduces uncertainty)

t M: Safety margin (adds conservatism)

State-independent bound (more conservative)

Ax) < A= (B — w; + M)v_ecm]a\;(ieNnki(x, x)

V qeZNC

TI'M =
[y
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Forward invariance

Assumption: 3. The system has sufficient control effort (authority)

§
such thatu = .
max V3NgmaxMmax

¢:max total disturbance

the control should overcome all the forces + model uncertainties
> render C forward invariant

Theorem 1: if
—I'"TM(qQ) Y(u - C(q,v)v—G(q) — u(x)) — y% Ty — vT(giqZ)Tv > —8B,(h(x)) +ITTM(@)"* Il A. | Condition 1

then: the input u renders C forward invariant.

0
r =2
dq

7]
@) glg) 2

n(q) = f(q)'g(q) = cos(B)
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Forward invariance

Assumption: 3. The system has sufficient control effort (authority)

¢ )
such that u > ) 'max total disturbance
max \/§77qm axMmax €

the control should overcome all the forces + model uncertainties
> render C forward invariant

Theorem 1: if
—I'"TM(qQ) Y(u - C(q,v)v—G(q) — u(x)) — y% Ty — vT(giqZ)Tv > —8B,(h(x)) +ITTM(@)"* Il A. | Condition 1

then: the input u renders C forward invariant.

Lemma 1: if

2 =, 9P ~ , _
377max2vmax + 3]/ nmaxvmax - 5ﬁ2 (h(x)) + nqmaxmmax( 3umax + Cmaxvmax + gmax + /1 +" -u(x) "S 0
0z
Then: there always exists u € U that enforces condition 1.

The same way we can prove forward invariance for the velocity constraint. Condition 2

zh
aw



Simulations: High-fidelity simulation of a 2-DoF planar manipulator in Simscape

Singularity condition:

f(q) = [cosqq,sin CI1;0]T

9(q) = [cosqq + g3 + qini,Singy + g + qin;, O]

Nominal control: PID controller
t
Unom = kpe + kif edt + kgé
0

fo /) gq) 2
Safety control law:
u* == argmin || U — Upym II°
uelu
s.t. F(u,q,v) =20
(Condition 1 and Condition 2)
RWTH zh
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Simulations: High-fidelity simulation of a 2-DoF planar manipulator in Simscape

Input: Upax = —Umin = 5, Qmax = —9min = T/3, Vmax = —Vmin = 2.
unknown lumped mass m=0.2 kg. .
GP setting: k; = 0.01%exp(—Il x; — x;, 11?/2), M =200 CBF conservatism trade-off
x10* %107

10

Choose extend class-K function:
B1(z) = z, B,(h) = h3
B3(b;) = tan™1(by) (i.e., B3(b;) = tan"1(b;)) A

Calculate y* and choosey < y*

Calculate 6" andchoose § > 6*

5 0 15 20 25
o
The impact of y and & on the singularity constraint z,,;,(q)
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Simulations: High-fidelity simulation of a 2-DoF planar manipulator in Simscape

v (rad/s) q (rad)

F (Nm)

Velocity constraint violation! Yy =29
| , | . . ‘ , . , 6 = 100000
——Link 1 1 |
——Link 2 = ) _ ) )
0 = 0 Singularity configuration!
1 ‘ ‘ . . -t ‘ . . ‘ ] 0.4 : - ‘ ‘ 1 —— ‘ -
0 2 4 6 8 10 0 2 4 6 8 10 08! A
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0 2 4 6 8 10 0 2 4 6 8 10 0.1 | 0
5 _____ e e = = = = = = = &£ = = = = b = = = =1 /_\5 fffff e = = o = — — — & — — — = — — — —
= 0 : ' J 0.2 : ‘ . :
0 VAB Z. 0 0 2 4 6 8 10 0 2 4 6 8 10
<3 1(8) 1(s)
—5 _____ sl Bt sl s | —5 _____ Rl i S w i ———
0 2 4 6 8 0 0 2 4 6 8 10 (a) (b)
1(s) t(s)
Comparison of singularity constraints.
(a) (b) (a) with GP regression. (b) without GP regression.

Comparison of trajectory tracking results. (a) with GP regression. (b) without GP regression.
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Conclusion and Future Work

We proposed singularity-avoidance control law for robotic systems subject
to model mismatch and actuator constraints.

CBF parameter ensures the feasibility of the optimization problem under
actuator constraints.

Velocity constraints are also considered to ensure safety.

Future work:

Universal method that encompasses all singularity configurations

Potential conflict between the singularity constraint and velocity constraint
should be addressed
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